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Introduction
The well-known notion of observability for closed subgroups of linear algebraic groups plays an
important role in algebraic and geometric invariant theory (see, e.g., [Gr1,Gr2,MFK]). It characterizes
a property of closed subgroups of a given algebraic group via its representations. It is quite natural
to ask if the main results of geometric invariant theory are still valid in the relative setting. Perhaps
Mumford and Tits (cf. [MFK,Bir,Ke,Ro1,Ro2,Ro3]) were the ﬁrst to raise such kind of questions and
some of striking results were due to Kempf which settled a Mumford’s and Tits and Borel’s questions
in this regard (cf. [MFK, p. 64], [Bor2, Section 8.8]; see [Ke] for most general result, and [Bir] for some
partial results; cf. also [Ro1,Ro2,Ro3]). Recently, due to some need for arithmetical applications (see,
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have been proved in [ADK,ADK1,BB,Ses,TB,W]. On the other hand, Raghunathan has introduced the
notion of quasiparabolic subgroups (not the same as ours, but very close to it), which plays a deﬁnite
role in the study of arithmetic subgroups in the congruence subgroup problem (see [RRa]). In general,
we ﬁrmly believe that the relative geometric invariant theory over non-algebraically closed ﬁelds is
needed in order to handle various questions of arithmetic nature (see, e.g., [ADK,ADK1] for recent
advances).
In this paper we establish some further results on these two important classes of subgroups of
algebraic groups. Namely, we establish a relative version of an important theorem due to Bogomolov
and apply this to get another one by Sukhanov, which are related with instability theory of Kempf
[Ke] and Rousseau [Ro3] and its reﬁnements due to Ramanan and Ramanathan [RR] (which have been
further reﬁned by Coiai and Holla [CH]).
In Section 1 we give some necessary backgrounds and state our main results. In Section 2, we
recall some fundamental results in representation theory and prove some preliminary results. In Sec-
tion 3 we prove a relative version of a result of Bogomolov (Theorem 3.2). Then we apply this result
to obtain a relative version of a theorem of Sukhanov in Section 4 (see Theorem 4.2). Some other
applications of arithmetic nature are the subject of our paper under preparation.
1. Preliminaries, some notations and statement of main results
Throughout this paper, we will work only with linear algebraic groups and we use freely standard
notation, notions and results from [Bor1,Bor2,BT]. In particular, unless it is clearly indicated, a linear
algebraic group G is always deﬁned over some ﬁxed algebraically closed ﬁeld of suﬃciently high
transcendental degree over its prime subﬁeld (i.e. an universal domain), and G is identiﬁed with its
points in such a ﬁeld.
For a ﬁxed ﬁeld k, denote by k¯ a ﬁxed algebraic closure of k, ks the separable closure of k in k¯,
Ga (resp. Gm) the additive (resp. multiplicative) group of the aﬃne line A1, Pn the projective space
of dimension n, kGLn the general linear group, kPGLn the corresponding projective linear group, kSLn
the special linear group, all of which are deﬁned over (the prime ﬁeld contained in) k. We will work
mostly over a perfect ﬁeld k, though some results may hold for arbitrary ﬁelds.
For a linear algebraic group G , we always denote G0 the connected component of G , Ru(G) the
unipotent radical of G , DG := [G,G] the derived subgroup of G . If G is deﬁned over k, let k[G] be
the k-algebra of regular functions on G deﬁned over k. Then G acts naturally on k¯[G] = k¯ ⊗k k[G] by
right translation f → rg( f ), rg( f )(x) = f (xg), for all x ∈ G . If T is a torus of G , we denote X∗(T ) =
Hom(T ,Gm) the character group of T , and X∗(T ) := Hom(Gm, T ) the set of cocharacters of T . If V is
a vector space, denote by GL(V ) the general linear group of automorphisms of the vector space V .
We denote by 〈H〉 the subgroup generated by the set H in some bigger group. By a representation
of a linear algebraic group G we always understand a linear one, i.e., a morphism of algebraic groups
ρ : G → GL(V ) for some ﬁnite dimensional vector space V and V is called then a G-module, and for
v ∈ V , we denote by Gv the stabilizer group of v in G . An element v ∈ V \{0} is called unstable for the
action of G on V if 0 ∈ G.v . If, moreover, V is a ﬁnite dimensional k-vector space of dimension n, and
G,ρ are deﬁned over k, then we also write ρ : G → kGLn . A division k-algebra is always understood
as an associative central simple division k-algebra. Let G be a linear algebraic group (not necessary
connected and reductive) and let V be an absolutely irreducible G0-module. Then Ru(G) acts trivially
on V and V is actually an absolutely irreducible G0/Ru(G)-module. Since G0/Ru(G) is reductive, if V
is an absolutely irreducible G0-module, then a vector v ∈ V is called following [Gr2, p. 42], a highest
weight vector if v is highest weight vector by considering V as a G0/Ru(G)-module.
1.1. Deﬁnitions. a) For a k-group G , a subgroup Q of G0 is said to be k-quasiparabolic in G if Q =
G0v for a highest weight vector v ∈ V (k) of some absolutely irreducible k-G0-module V . Here V (k)
denotes the set of k-points of V with respect to a ﬁxed k-structure of V [Bor1, Section 11.1].
b) For a k-group G , a subgroup H of G is called k-subparabolic if it is deﬁned over k and there
is a k-quasiparabolic subgroup Q of G0 such that H0 ⊆ Q and Ru(H) ⊆ Ru(Q ). We say that H is
k-subparabolic in the k-quasiparabolic subgroup Q .
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quasiparabolic and a closed subgroup H of G is called subparabolic if it is k¯-subparabolic and then
we are back to the usual notions introduced in [Gr2, p. 42].
a’) For a k-group G , a subgroup Q of G0 is said to be quasiparabolic over k (or quasiparabolic
k-subgroup) if it is deﬁned over k and quasiparabolic.
b’) For a k-group G , a subgroup H of G is called subparabolic over k (or subparabolic k-subgroup) if
it is deﬁned over k and subparabolic. H is called strongly subparabolic over k if there is a quasiparabolic
k-subgroup Q of G0 such that H0 ⊆ Q and Ru(H) ⊆ Ru(Q ). (Thus, being strongly subparabolic over
k is a priori stronger than just being subparabolic over k.)
1.1.1. Remarks. 1) The notion of quasiparabolicity considered here differs from the same notion, which
has been introduced for the ﬁrst time by Raghunathan in [RRa], but is closely related to it. Namely,
let G be a connected reductive group deﬁned over a ﬁeld k, P a parabolic k-subgroup of G . Let
P = MRu(P ) be a Levi decomposition of P , where M is a connected reductive k-subgroup of P (Levi’s
subgroup of P ). We have M = R.DM, where R is the central k-torus of M . Further we have the
decomposition of the semisimple k-subgroup DM into k-simple factors, and we denote by DM∗ the
product of all k-isotropic k-simple factors of DM. The k-subgroup P∗ := DM∗Ru(P ) is called after
Raghunathan k-quasiparabolic subgroup of G . In the case all simple components are k-isotropic (say,
when G is k-split), we have DM∗ = DM. Thus in this case, P∗ differs from a quasiparabolic subgroup
of P (deﬁned via characters as above) by a torus factor.
2) It is clear that the following implications hold
k-quasiparabolic ⇒ quasiparabolic over k ⇒ quasiparabolic
⇓ ⇓ ⇓
k-subparabolic ⇒ subparabolic over k ⇒ subparabolic.
One of the motivations of this paper is to know the actual relations between them.
1.1.2. Examples. a) Let G be a k-group. Then G◦ is k-quasiparabolic in G with respect to trivial repre-
sentation of G .
b) Also, any reductive subgroup of any linear algebraic group G is subparabolic with respect to
trivial representation of G .
c) One of important theorems in geometric invariant theory is due to Bogomolov which relates the
stabilizer subgroup of an unstable vector to some quasiparabolic subgroup. Its relative version below
provides the abundance of k-quasiparabolic subgroups. It is also one of main results of this paper.
Theorem A. (See [Bog1, Theorem 1], [Gr2, Theorem 7.6] when k = k¯.) Let k be a perfect ﬁeld, G a connected
reductive k-group and let V be a ﬁnite dimensional k-G-module. Let v ∈ V (k) \ {0}. If v is unstable for the
action of G on V (i.e., 0 ∈ G.v), then Gv is contained in a proper k-quasiparabolic subgroup Q of G.
Remark. We note that the original proof in [Bog1] (cf. also [Bog2,Ro2]) is given for algebraically
closed ﬁelds and does not seem to extend to arbitrary perfect ﬁelds. The proof of Theorem A, given
in Section 3, is based on the proof of original theorem as it was given in [Gr2, Section 7], which
makes use of main results of Kempf–Rousseau theory [Ke,Ro3] with reﬁnements due to Ramanan–
Ramanathan [RR], and also is based on main results of representation theory of reductive groups over
arbitrary ﬁelds (due to Tits) as presented in Section 2. Since we make an essential use of Kempf–
Rousseau results (see Theorem 2.8.2), which does not seem to be extended to the case of non-perfect
ﬁelds as noted in [Ro1] (cf. also [He]), our approach does not cover this case.
1.2. We recall now the notion of observable subgroups. A closed subgroup H of linear algebraic group
G is called observable if the homogeneous space G/H is a quasi-aﬃne variety. There are some ways
to characterize observable subgroups (see, e.g., [BBHM,Gr1,Gr2] and also [TB] (in the relative case)).
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over a ﬁeld k, a subgroup H is called observable over k if it is observable and is k-deﬁned. We need in
the sequel the following relative version of characterizations of observability.
1.2.1. Theorem. (See [TB, Theorem 9].) The following statements are equivalent
1) H is observable in G and H is deﬁned over k;
2) There exists a k-representation ρ : G → GL(V ), such that for some v ∈ V (k), H = Gv , the stabilizer group
of v in G.
If H satisﬁes one of these conditions, then it is also k-observable, i.e., H = {g ∈ G | rg( f ) = f , for
all f ∈ k[G]H }, where k[G]H denotes the set of all ﬁxed points of H in k[G].
Besides some important characterizations of observable k-subgroups as recalled above, as an ap-
plication of Theorem A and also of other results, we establish the following second main result of
the paper about rationality properties of quasiparabolic, subparabolic and observable subgroups of a
linear algebraic group G deﬁned over a perfect ﬁeld k.
Theorem B. Let k be a perfect ﬁeld, G a linear algebraic k-group, H a closed k-subgroup of G. We consider the
following statements.
1) H is k-quasiparabolic;
2) H is quasiparabolic over k;
3) H is observable over k;
4) H is k-subparabolic;
5) H is strongly subparabolic over k;
6) H is subparabolic over k.
Then we have 1) ⇒ 2) ⇒ 3) ⇔ 4) ⇔ 5) ⇔ 6). If, moreover, G is semisimple, then 1) ⇔ 2).
Remarks. 1) In general, there are examples show that in Theorem B, 3) 2) 1), see Remarks
after 4.1.
2) In the case k = k¯, 3) ⇔ 4) above is Sukhanov’s Theorem (cf. [Su,Gr2]). The proof of Sukhanov’s
Theorem in the absolute case (see [Su], or [Gr2, Theorem 7.3], with some reﬁnements) makes an
essential use of the important theorem due to Bogomolov mentioned above. The same happens while
we prove the relative version in Section 4: we make an essential use of Theorem A and other related
results.
2. Some results from representation theory
We recall some fundamental theorems on representation theory of reductive groups over non-
algebraically closed ﬁelds, due to C. Chevalley, E. Cartan, A. Borel and J. Tits (cf. [Che,BT], Sections 6,
12 and [Ti] for more details). We use the same notation as in [BT] and [Ti].
2.1. Let G be a reductive group deﬁned over a ﬁeld k, DG the derived subgroup of G , and let T be a
maximal k-torus of G . Denote by Φ(T ,G), or just Φ , the root system of G with respect to T , by 
a basis of Φ corresponding to a Borel subgroup B of G containing T , and by Φ+ the set of positive
roots of Φ . We denote Γ := Gal(ks/k) the Galois group of the separable closure ks/k. Let Ts := T ∩DG,
Λ := X∗(T ), Λr be the subgroup generated by roots α ∈ Φ(T ,G), Λ0 := 〈Λr,χ ∈ Λ | χ |Ts = 1〉, the
subgroup generated by Λr and those χ , which have trivial restriction to Ts . Let B be a Borel subgroup
of G containing T , Λ+ the subset of dominant weights (with respect to B) of Λ. We deﬁne C∗ :=
Λ/Λ0, the cocenter of G (rather DG), which is a ﬁnite commutative group. We denote its order by
c(G). For γ ∈ Γ , χ ∈ Λ, denotes the usual Galois action by γ χ , and one deﬁnes (after [BT, Section 6]
or [Ti, Section 3]) the action of Γ on Λ as follows:
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where w is the unique element from the Weyl group W (T ,G) := NG(T )/T , such that w(γ Λ+) = Λ+.
We denote by (Λ+)Γ the set of Γ -invariant elements of Λ+ with respect to the just deﬁned action.
Especially, we have (see [BT, Section 6, p. 105]):
2.1.1. Proposition. (See [BT, Section 6, p. 105].) With above notation, if P is a parabolic k-subgroup of G,
containing B, then for any χ ∈ X∗(P ), we have γ (χ) = γ χ .
2.2. Let k be a ﬁeld, D a ﬁnite dimensional k-algebra, and let X be a D-module. We denote by kGLX,D
the group functor which associates to each k-algebra A the group of D⊗k A-automorphisms of X⊗k A.
Thus our general linear group GL(V ), if deﬁned over k, i.e., a k-form of the usual general linear group
GLn for some n, is k-isomorphic to one of these groups, where D is a (central simple) division k-
algebra. In particular, if X is free D-module Dm , then instead of kGLX,D we just write kGLX , or just
kGLm,D (or just GLm,D , if k is clearly indicated from the text), and if D = k, we just write kGLm (or
just GLm). A D-G-representation (or just D-representation) of a k-group G is just a k-homomorphism
G → kGLX,D for some X as above. There are obvious notions of D-equivalent representations of G .
If E is a k-subalgebra of D , then we have a restriction homomorphism, restD/E : kGLX,D ↪→ kGLX,E ,
which is just an inclusion (closed embedding) (cf. [Ti, Section 1.7]).
If k/h is a ﬁnite separable extension, then there is a canonical h-isomorphism
Rk/h(kGLX,D)  hGLX,D ,
where D is considered naturally as a h-algebra [Ti, Sections 1.7, 1.8].
If l/k is a separable ﬁnite extension, ρ : G → lGLX a l-representation of k-group G , then by the
universal property of the functor of restriction of scalars, there exists a k-homomorphism ρ1 : G →
Rl/k(lGLX )  kGLX,l , such that ρ = pr ◦ ρ1, where pr : Rl/k(lGLX ) → lGLX is the canonical projection.
We set
restl/k(ρ) := restl/k ◦ ρ1
be the composition map G → kGLX,l → kGLX,k .
2.3. We need the following important results of Tits, which extend some known results for semisim-
ple groups to reductive ones.
2.3.1. Theorem. (See [Ti, Lemme 3.2, Théorème 3.3].) Let G be a reductive group deﬁned over a ﬁeld k. Keep
the notation as above.
1) Let D be a central simple algebra over k. The restriction to DG of any absolutely irreducible D-
representation with dominant weight λ gives rise to an absolutely irreducible D-representation with dominant
weight λ|Ts of DG. Conversely, any absolutely irreducible D-representation of DG with dominant weight λ|Ts
extends in a unique way to an absolutely irreducible D-representation of G with dominant weight λ.
2) Let λ ∈ (Λ+)Γ , the set of Γ -invariant elements. Then there exist a central division algebra Dλ over k,
an absolutely irreducible Dλ-representation ρλ : G → GLm,Dλ with simple dominant weight λ. The algebra
Dλ is unique up to isomorphism, and for a given Dλ , the representation ρλ is determined uniquely up to Dλ-
equivalence. If λ ∈ Λ0 , or if G is quasi-split, then we have Dλ = k.
In above notation, let kλ be the ﬁxed ﬁeld of the stabilizer of λ in Γ , which is a ﬁnite separable
extension of k. We set
kρλ := restkλ/k(restDλ/kλ ◦ ρλ).
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kρλ′ are equivalent if and only if there exists γ ∈ Γ such that γ (λ) = λ′ .
2.4. Let ρ : G → GL(V ) be a representation of a connected reductive group G . For a one-parameter
subgroup (1-PS) λ : Gm → G of G , we have an induced representation ρ ◦ λ : Gm → GL(V ). There is a
decomposition V =⊕i∈Z Vi , where
Vi =
{
v ∈ V ∣∣ (ρ ◦ λ)(a)(v) = ai v,∀a ∈ Gm}.
Let T be any torus of G and χ ∈ X∗(T ). We set Vχ = {v ∈ V | tv = χ(t)v,∀t ∈ T }; then V =
⊕χ∈WT ,V Vχ , where WT ,V = {χ ∈ X∗(T ) | Vχ = {0}}. Therefore, Vi =
⊕
Vχ , where the sum is taken
over all those characters χ such that 〈χ,λ〉 = i and 〈.,.〉 denotes usual dual pairing between X∗(T )
and X∗(T ).
2.5. Any inner product (.,.) (i.e., symmetric non-degenerate pairing) on X∗(T ) (resp. on X∗(T )), via
the duality, deﬁnes another one (.,.) on X∗(T ) (resp. X∗(T )). For λ ∈ X∗(T ) (resp. χ ∈ X∗(T )) we
denote by χλ ∈ X∗(T ) (resp. λχ ∈ X∗(T )) the dual of λ (resp. χ ), for a given inner product, namely
〈χλ,λ′〉 := (λ,λ′) for all λ′ ∈ X∗(T ), and 〈χ ′, λχ 〉 = (χ ′,χ), for all χ ′ ∈ X∗(T ), and we have (cf. also
[Gr2, Section 7, p. 44])
(
λ,λ′
)= (χλ,χλ′), for all λ,λ′ ∈ X∗(T ),(
χ,χ ′
)= (λχ ,λχ ′), for all χ,χ ′ ∈ X∗(T ).
If T1 ⊂ T is a subtorus, then there exists a natural embedding X∗(T1) ↪→ X∗(T ), λ ∈ X∗(T1) → λ ∈
X∗(T ).
2.5.1. For λ ∈ X∗(T ), and each v ∈ V , v = 0, we deﬁne the state of v as follows
ST (v) =
{
χ ∈ X∗(T ) ∣∣ vχ = 0},
where v = Σχ∈WT ,V vχ with vχ ∈ Vχ . Since Im(λ) is contained in the maximal torus T we may
deﬁne
μ(v, λ) = inf{〈χ,λ〉 ∣∣ χ ∈ ST (v)}.
Since μ(v, λ) does not depend on the chosen maximal torus T , so if V q = ⊕iq V i then we have
μ(v, λ) =max{q ∈ Z | v ∈ V q}.
We collect some well-known facts regarding the above pairing (see [Bor1,Bor2,BT,Gr2,Ke,RR]) in
the following
2.5.2. Proposition. Assume that k is an perfect ﬁeld, G a connected reductive k-group, and T is a maximal
torus of G deﬁned over k. Let G = S.DG, where S is the connected center of G, T = S.T ′ an almost direct
product (T ′ ⊂ DG). Then there exists an inner product (.,.) on X∗(T ) ⊗Z R such that the following conditions
are satisﬁed:
a) For all λ,μ ∈ X∗(T ) then (λ,μ) ∈ Z;
b) For all w ∈ W (T ,G) (Weyl group), we have
(wλ, wμ)= (λ,μ);
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(
σ λ, σμ
)= (λ,μ), ∀σ ∈ Γ := Gal(ks/k).
d) The inner product makes S and T ′ orthogonal, i.e., via the natural embedding into X∗(T ), X∗(S) and
X∗(T ′) are orthogonal there.
In the sequel, we ﬁx one for all such inner product. For each 1-PS λ ∈ X∗(G), λ(Gm) is contained
in some maximal torus T of G and we deﬁne ‖λ‖ = √(λ,λ). From [Ke] it follows that ‖λ‖ does not
depend on the choice of T .
2.6. For a 1-PS λ of G contained in a maximal torus T , we denote by Uα the root subgroup of G
corresponding to α [Bor1, Section 13.18] and
P (λ) := 〈T ,Uα ∣∣ α ∈ Φ(T ,G), 〈α,λ〉 0〉,
which is a parabolic subgroup of G (cf., e.g., [Gr2,Kr,Mu,MFK]) called the parabolic subgroup associated
to λ. We also deﬁne, for a character χ ∈ X∗(T ),
Pχ :=
〈
Kerχ,Uα
∣∣ α ∈ Φ(T ,G), (α,χ) 0〉
and P (χ) := T Pχ = 〈T ,Uα | α ∈ Φ(T ,G), (α,χ)  0〉. P (χ) is also a parabolic subgroup of G and it
is called also the parabolic subgroup associated to χ . It follows from the very deﬁnition, that we have
P (λ) = P (χλ) = P (rχλ), Pχ ⊆ Prχ
and
Ru(Pχ ) = Ru(Prχ )
for any χ and positive integer r. On the other hand, it is well known and easy to check (see, e.g.,
[Bog1, Section 2.9]) that χ can be extended to the whole P (χ). With above notation, let P (λ) be a
parabolic subgroup of G corresponding to λ ∈ X∗(T ). Then remarks above applied to the reductive
group P (λ)/Ru(P (λ)), and the maximal torus T1 := p(T ), the image of a maximal torus T of P via
the projection p : P (λ) → P (λ)/Ru(P (λ)), show that χλ also extends to P (λ).
2.7. We need in the sequel the following important characterization of stabilizers of highest weight
vectors.
2.7.1. Proposition. (See [Gr2, Corollary 3.6].) Let G be a connected reductive group, T a maximal torus, con-
tained in a Borel subgroup B of G. Let χ ∈ X∗(T ). Then with above notation, P (χ) is a parabolic subgroup
of G, and Pχ is the stabilizer of a highest weight vector w ∈ W for some absolutely irreducible G-module W .
Conversely, the stabilizer of any highest weight vector (with respect to a given Borel subgroup B of G) is of the
form Pχ , where χ ∈ X∗(T ) is a dominant character (with respect to B).
We need a relative version of the above proposition in the sequel. Note that the direct extension
of 2.7.1 may not hold true, and we need to make some modiﬁcation. Namely, the following relative
version of Proposition 2.7.1 holds.
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χ ∈ X∗(T )k. Then there exist a positive integer r and an absolutely irreducible k-representation G → kGLn =
GL(W ) with highest weight χ ′ = rχ , such that Pχ ′ is the stabilizer of a highest weight vector w ∈ W (k).
Conversely, for any absolutely irreducible k-representation G → kGLn = GL(W ), the stabilizer of any highest
weight vector w ∈ W (k) (with respect to a given Borel subgroup B of G) is of the form Pχ , where χ ∈ X∗(T )k
is a dominant character (with respect to B).
Proof. Indeed, by 2.6, χ extends to the whole P (χ). Since χ is deﬁned over k, it is also stable under
the action of Γ , by 2.1.1. By multiplying χ with r := c(G) (= Card(Λ/Λ0)), we have χ ′ := rχ ∈ ΛΓ0 .
Since χ is deﬁned over k, so are χ ′ , P (χ ′), Pχ ′ . Notice that P (χ) = P (χ ′) is a parabolic k-subgroup
of G . Then Theorem 2.3.1 of Tits shows that there is an absolutely irreducible k-representation ρ :
G → GL(W )  kGLn,D of G with highest weight χ ′ and note that in this case, since χ ′ is Γ -invariant,
the division algebra D = k. Since χ ′ is deﬁned over k, so is the (eigen-)space W (χ ′). Thus W (χ ′)
contains a non-zero vector w deﬁned over k, which is also a highest weight vector. The proof of
Proposition 2.7.1 above given in [Gr2, p. 17], shows that Gw = Pχ ′ .
Conversely, we know (by Theorem 2.3.2), that for an arbitrary absolutely irreducible k-representa-
tion ρ : G → GL(W )  kGLn with corresponding dominant weight χ := lρ , we have χ = γ (χ), for all
γ ∈ Γ . Since w ∈ W (k), and k is perfect, Gw is deﬁned over k, which has the form Gw = Pχ . It is well
known (and easy to see) that P (χ) = NG(Pχ ). In fact, by deﬁnition, it is clear that P (χ) ⊂ NG(Pχ ),
thus NG(Pχ ) is a parabolic subgroup of G , hence also connected subgroup. Therefore P (χ)/Pχ is a
parabolic subgroup of N(Pχ )/Pχ . But N(Pχ )/Pχ is connected and P (χ)/Pχ is commutative, which
means P (χ)/Pχ is a parabolic subgroup of N(Pχ )/Pχ . So we must have N(Pχ )/Pχ = P (χ)/Pχ ,
i.e., N(Pχ ) = P (χ). Since Pχ is deﬁned over k, P (χ) is also deﬁned over k. On the other hand,
χ ∈ X(P (χ))k¯ , see 2.6, and by 2.1.1, we have γ (χ) = γ χ , for all γ ∈ Γ . Therefore χ = γ χ , for all
γ ∈ Γ , which means χ ∈ X(P (χ))k. 
2.8. In this section, we recall some basic facts about instability theory of representations of algebraic
groups due to Kempf–Rousseau, with some reﬁnements due to Ramanan and Ramanathan (see [Gr2,
Ke,RR,Ro1,Ro3]). We have the following basic results due to G. Kempf.
2.8.1. Theorem. (See [Ke, Theorem 3.4], [RR, Theorem 1.5].) Let a representation ρ : G → GL(V ) have v ∈ V
as a non-zero unstable vector (i.e. 0 ∈ G.v). Then the following statements hold.
a) The function λ → ν(v, λ) = μ(v,λ)‖λ‖ on the set of all 1-PS’s of G attains a maximal value Bv > 0.
b) If T is a maximal torus and λ ∈ X∗(T ) is such that: (i) λ is indivisible and (ii) ν(v, λ) = Bv then λ is the
only element of X∗(T ) satisfying (i) and (ii).
c) There exists a parabolic subgroup P such that if λ is indivisible 1-PS with ν(v, λ) = Bv then P (λ) = P . If
ν(v, λ′) = Bv then λ and λ′ are conjugate in P .
This theorem suggests the following deﬁnition (see [RR, Deﬁnition 1.6], [Gr2, p. 44]). Let v ∈ V be
a non-zero unstable vector. We call any indivisible 1-PS λ with ν(v, λ) = Bv an instability 1-PS for v
and P (λ) an instability parabolic subgroup of v and denote it by P (v, λ).
We also need the following
2.8.2. Theorem. (See [Ke, Theorem 4.2], [Ro3, Théorème 4].) Let k be a perfect ﬁeld and let v ∈ V (k) be a non-
zero unstable vector of a k-representation ρ : G → GL(V ). Then there exists an instability 1-PS λ ∈ X∗(G)k
and instability parabolic subgroup P (v, λ) deﬁned over k. Moreover, for each maximal k-torus T of P (v, λ),
there exists an unique instability 1-PS λ deﬁned over k such that Im(λ) ⊆ T .
2.9. From [RR, Section 1.8, p. 274], we know that for each λ ∈ X∗(G), the vector space V j =⊕i j V i
is stable under the action of P (λ) through the representation ρ , so we have a natural action of P (λ)
on V j/V j+1. From above we have the following important result.
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subgroup of unstable vector v0 and let j = μ(v0, λ). Then there exist a positive integer d and a non-constant
homogeneous function f on V j/V j+1 such that f (π(v0)) = 0 and f (p.π(v)) = (χλ)d(p) f (π(v)) for all
v ∈ V j , p ∈ P (λ) and π : V j → V j/V j+1 is the natural projection.
With notation as above we have:
2.9.2. Corollary. Let ρ : G → GL(V ) be a representation, v0 a non-zero unstable vector in V , λ an instability
1-PS of v0 , and let d be as in Theorem 2.9.1. Then Gv0 ⊆ Ker(d.χλ) (considered as a subgroup of P (dχλ)).
Proof. By [Ke, Corollary 3.5], we have Gv0 ⊆ P (v0, λ). So if p ∈ Gv0 is an arbitrary element, then by
Theorem 2.9.1, there exists a non-constant homogeneous function f satisfying f (π v0) = f (p.π v0) =
(d.χλ)(p) f (π v0) and f (π v0) = 0. Thus χdλ (p) = 1, p ∈ Ker(dχλ), and Gv0 ⊆ Ker(d.χλ). 
2.10. In [BT, Section 12], various questions of rationality of linear representations of semisimple
groups over a non-algebraically closed ﬁeld of characteristic 0 have been addressed. It is worth of
noticing that many of them are still valid over perfect ﬁelds. Also, some of the most important results
were extended by Tits to the case of reductive groups over arbitrary ﬁelds in [Ti, Section 3]. We recall
below some of notation and results of [BT, Section 12], which can be extended to reductive groups
over perfect ﬁelds, and of [Ti], that we need in the sequel. We do not give proofs, since the original
proofs carry over.
2.10.1. Let ρ : G → GL(V ) be an absolutely irreducible representation of a semisimple group G . Denote
by V ′ := P(V ) the corresponding projective space of V . Fix a maximal torus T , contained in a Borel
subgroup B of G . There exists a unique one-dimensional subspace Dρ ⊂ V which is B-stable. The G-
orbits Gv , v ∈ Dρ form the cone Cρ of ρ , i.e., Cρ = G.Dρ . The stabilizers of lines in Cρ are parabolic
subgroups of G , and they form a conjugacy class of parabolic subgroups of ρ , denoted by Pρ . The
representation ρ : T → GL(Dρ) induces a dominant character lρ ∈ X∗(T ), which characterizes ρ up to
an equivalence. We consider the set Pθ of conjugacy classes of standard parabolic subgroups of G of
type θ [BT, Section 4]. Then we have Pρ =Pθ , where θ(⊂ ) is the set of roots such that a parabolic
subgroup of Pρ is conjugate to a standard parabolic subgroup of G of type θ . In fact, it follows from
2.6 that θ = {α ∈  | (α, lρ) = 0}. To Cρ one associates a closed subvariety C ′ρ of V ′ , which can be
identiﬁed with the quotient space G/P for some P ∈ Pρ . Any element P ′ ∈ Pρ has only one ﬁxed
point in V ′ , which is a point of C ′ρ .
2.10.2. As is well known, all the facts said above in 2.10.1 also hold for reductive groups G. We will
need in the sequel the following (trivial) extensions to reductive groups. We give sketches of the
proofs, since we cannot ﬁnd in the literature available to us. We keep the previous notation, except
that now G is a reductive group. Let ρ : G → GL(V ) be an absolutely irreducible representation with
highest weight χ ∈ X∗(T ), π : GL(V ) → PGL(V ) the projection. Let ρ ′ = ρ|DG the restriction of ρ to
DG, χ ′ = χ |T∩DG , T = S.Ts , where Ts = T ∩ DG, S is the connected center of G , B = S.Bs, where
Bs = B ∩ DG.
a) There exists a unique one-dimensional subspace Dρ ⊂ V which is B-stable. (Indeed, we know that Bs
is a Borel subgroup of DG, containing Ts . Also, ρ ′ is an absolutely irreducible representation of
DG with highest weight χ ′ . Therefore, there is a unique line D ⊂ V which is Bs-stable. Since S is
central in B , D is also B-stable. If D ′ is another B-stable line in V , then it is also Bs-stable, thus
coincides with D . We just set Dρ = D .)
b) The G-orbits Gv, v ∈ Dρ form the cone Cρ of ρ , i.e., Cρ = G.Dρ . The stabilizers of lines in Cρ are parabolic
subgroups of G, and they form a conjugacy class of parabolic subgroups of G, denoted by Pρ . (It is clear,
since parabolic subgroups of G have the form S P ′ , where P ′ are parabolic subgroups of DG.)
c) Any element P ′ ∈Pρ has only one ﬁxed point in V ′ , which is a point of C ′ρ . (It follows from a) and b).)
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3. Relative version of a theorem of Bogomolov
3.1. Our main aim in this section is to prove the relative version of Bogomolov Theorem (Theorem A)
mentioned above. As an application, it will be used in the proof of a relative version of Sukhanov
Theorem, which is very close to it in describing the nature of stabilizers.
By rephrasing, we have the following reformulation of Theorem A (cf. [Bog1, Theorem 1]).
3.2. Theorem. Let G be a reductive group deﬁned over a perfect ﬁeld k, V a k-G-module. Let X be an aﬃne
G-subvariety of V of positive dimension deﬁned over k, and let 0 ∈ X. Then there exists a regular surjective
k-morphism fχ : X → Aχ , where Aχ is an aﬃne G-k-variety, which consists of two G-orbits, if χ = 1, and
A1 = k¯, the trivial G-module.
3.3. We give two different proofs of Theorem A. We need the following lemmas. The ﬁrst one is
basically well known and easy, which is recorded here for the convenience of reading (see [BT, Sec-
tion 12], [Gr2, Corollary 3.6 and its proof]).
3.3.1. Lemma. Assume that G is a reductive group, T is a maximal torus, B is a Borel subgroup of G contain-
ing T . Let V be an absolutely irreducible G-module corresponding to a dominant weight (with respect to B)
χ ∈ Λ+ . Let P (χ) be the parabolic subgroup associated with χ , v ∈ V a highest weight vector respect to χ .
Then the line k¯v in V is stable by the action of P (χ).
Proof. Since k¯v is stable under the action of B , and since P (χ) = 〈T ,Uα | α ∈ Φ(T ,G), (α,χ) 0〉, it
suﬃces to check that if α ∈ Φ(T ,G) is a negative root such that Uα ⊂ P (χ), then Uα stabilizes k¯v .
By deﬁnition, we have (χ,α) 0. Since −α ∈ Φ(T , B), we have also (χ,−α) 0, thus (χ,α) = 0. By
[Gr2, Theorem 3.2], we know that the last equality is equivalent to the fact that Uα ⊂ Gv , and we are
done. 
3.3.2. Lemma. For a dominant weight χ ∈ Λ+ with respect to the Borel subgroup B containing T , assume that
there exists a character χ˜ ∈ X(P (χ)) such that χ˜ |T = χ . Let ρ : G → GL(W ) be the absolutely irreducible
representation corresponding to dominant weight χ and let w ∈ W be a highest weight vector with weight χ .
Then Kerχ˜ = Gw .
Proof. Lemma 3.3.1 shows that k¯w is stable under the action by P (χ). So there exists a character
χ ′ : P (χ) → Gm such that ρ(p)w = χ ′(p)w . Since χ(Uα) = {1} for all α ∈ Φ(T ,G), we have clearly
χ˜ = χ ′ over P (χ). For each p ∈ Kerχ˜ , we have ρ(p)w = χ ′(p)w = χ˜ (p)w = w , so p ∈ Gw , hence
Kerχ˜ ⊆ Gw . Clearly
Pχ =
〈
Kerχ,Uα
∣∣ α ∈ Φ(T ,G), (χ,α) 0〉⊆ Kerχ˜ .
By Proposition 2.7.1, there is a highest weight vector v ∈ W with weight χ , such that Pχ = Gv , thus
v ∈ k¯w , hence Gv = Gw . Therefore Pχ = Kerχ˜ = Gw as required. 
3.4. First proof of Theorem A.
The proof is based on the one given in [Gr2, Appendix, pp. 43–45]. By Theorem 2.8.2, for a given
unstable vector v ∈ V (k) \ {0}, we may choose a maximal torus T deﬁned over k of G , contained in
P (v, λ) and λ ∈ X∗(T )k to be the unique instability 1-PS for v . We choose T to contain a maximal
k-split torus of G . Let χλ be the dual of λ, which is also deﬁned over k. By 2.6, χλ also extends to
P (χλ), where the latter is also deﬁned over k. Since limt→0 λ(t)v = 0 and v = 0, it follows that λ
is non-trivial, and so are χλ and rχλ for any positive integer r. In particular, if r is such that as in
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determines an absolutely irreducible k-representation of G to GLn with dominant character rχλ . Also,
by Corollary 2.9.2, with d as in Theorem 2.9.1, Gv ⊆ Ker(dχλ). Hence Gv ⊂ Ker(dχλ) ⊂ Ker(rdχλ)(⊂
Prd.χλ ). By Lemma 3.3.2, applied to χ := rd.χλ , we have Ker(χ) = Gw , where w is a highest weight
vector, which can be taken deﬁned over k as in Proposition 2.7.2. Therefore we have Gv ⊆ Gw , and
since χ is non-trivial, the latter is a proper subgroup of G as desired.
The following consequence of the proof just given above shows a partial relation between the
notions of k-subparabolicity, and quasiparabolicity over k. Another (full) treatment will be given in
next section (Theorem 4.3).
3.5. Corollary. Let G be a reductive group deﬁned over a perfect ﬁeld k, T a maximal k-torus containing a max-
imal k-split torus of G. Fix a Borel subgroup containing T , which in turn, is contained in a minimal parabolic
k-subgroup of G. Let ρ : G → GL(V ) = kGLn be an absolutely irreducible k¯-representation with dominant
weight lρ = χ ∈ X∗(T )k. If v ∈ V (χ) is a highest weight vector, such that its stabilizer H := Gv is a (proper)
subgroup deﬁned over k, then H is k-subparabolic in a (proper) k-quasiparabolic subgroup of G.
Proof. The proof follows essentially from the proof of Proposition 2.7.2 above. As above, we notice
that since H = Gv = Pχ is deﬁned over k, so is P (χ) = NG(Pχ ). Also, as in Section 1.4, there is a
positive integral multiple χ ′ := rχ of χ such that χ ′ ∈ (Λ0)Γ , and we know χ ′ ∈ X∗(P (χ ′))k . Then
by Tits’ Theorem 2.3.1, χ ′ deﬁnes an absolutely irreducible k-representation ρ ′ : G → GLm with highest
weight χ ′ . As we noticed in 2.6 and in the proof of Proposition 2.7.2, Pχ ′ is k-quasiparabolic, and H
is k-subparabolic in Pχ ′ . If H is a proper subgroup of G , then χ is non-trivial, and so is χ ′ = rχ .
Hence Pχ ′ is also a proper subgroup of G . 
3.6. Now we give second proof of Theorem A. This proof is based on some arguments given in [BT,
Section 12]. First we need the following:
3.6.1. Lemma. (See [BT, p. 138].) Let G, H, K be connected groups, where H is reductive and G, K are semisim-
ple, π : H → K a surjective morphism of algebraic groups, which induces a central isogeny from DH onto K.
Assume that ρ1,ρ2 : G → H are two homomorphisms such that π ◦ ρ1 = π ◦ ρ2 . Then we have ρ1 = ρ2 .
Proof. Denote by D the connected center of H . For any g ∈ G , we have π ◦ ρ1(g) = π ◦ ρ2(g), hence
ρ1(g) = ρ2(g)dg , where dg ∈ Ker(π). It is clear that Ker(π) is a central subgroup of H . Let f : G →
H , g → ρ1(g)ρ2(g)−1, which is clearly a morphism of varieties. Since G is connected, f (G) is also
connected, and since G is semisimple, so are its images ρ1(G),ρ2(G) in H . Hence for i = 1,2, Im(ρi)
is a semisimple subgroup of DH, which implies that f (G) ⊂ DH. Therefore {dg | g ∈ G} is a connected
ﬁnite subset of the center of DH, containing 1, thus is equal to {1}. Hence the lemma. 
3.6.2. Corollary. Suppose that G is a connected semi-simple group deﬁned over a perfect ﬁeld k, π : kGLn →
kPGLn the projection, ρ :G → kGLn(k¯) is a k¯-representation such that the induced projective representation
π ◦ ρ : G →k PGLn(k) is deﬁned over k. Then ρ is deﬁned over k.
Proof. We apply the above lemma to the case H = kGLn, K = kPGLn , ρ1 = ρ , ρ2 = γ ρ , for a ﬁxed
element γ ∈ Γ = Gal(ks/k). It follows that we have ρ = γ ρ , for all γ ∈ Gal(ks/k). Since k is perfect, it
means that ρ is deﬁned over k. 
We apply this lemma to prove that
3.6.3. Lemma. Assume that G is a connected reductive group deﬁned over a perfect ﬁeld k, T is a maximal
k-torus contained in a Borel subgroup B of G. Let π : G → GL(V ) = kGLn be an absolutely irreducible k¯-
representationwith dominant weightχ ∈ X∗(T )k. Suppose that there exists a vector v ∈ V (k)(= kn) of highest
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π is deﬁned over k. In particular, H := Gv is k-quasiparabolic.
Proof. Since G is a connected reductive group, the commutator group DG is a connected semisimple
group. Since π¯ is deﬁned over k, so is π¯ |DG . Therefore, by the above corollary, π |DG is deﬁned over
k. We have G = Z(G)0DG (almost direct product), where Z(G)0 denotes the connected center of G .
Therefore, for all g ∈ G , there exist g1 ∈ Z(G)0, g2 ∈ DG such that g = g1g2. Because π¯ is deﬁned
over k, γ π = π¯ , for all γ ∈ Gal(ks/k). Thus for each γ ∈ Gal(ks/k), there exists a ∈ k¯ − {0} satisfying
(γ π)(g1) = aπ(g1), hence (γ π)(g1)v = aπ(g1)v . Since v ∈ kn , we have
(
γ π
)
(g1)v = γ
(
π
(
γ −1g1
))(
γ v
)= γ (π(γ −1g1)(v)).
Since γ
−1
g1 ∈ T so we have γ (π(γ −1g1)(v)) = (γ χ)(g1)v = χ(g1)v , since χ is deﬁned over k.
On the other hand, aπ(g1)v = aχ(g1)v and χ(g1) = 0, v = 0. So from above we have a = 1, thus
(γ π)(g1) = π(g1), and this holds for any g1 ∈ Z(G)0. From the beginning we have (γ π)(g2) = π(g2),
so we have (γ π)(g) = π(g), for all g ∈ G, γ ∈ Gal(ks/k). Since k is a perfect ﬁeld, it follows that π is
deﬁned over k. 
3.6.4. Second proof of Theorem A.
By a result of Kempf and Rousseau (see Section 2.8) we can choose T to be a maximal torus
deﬁned over k, and λ ∈ X∗(T )k to be the unique instability 1-PS. So we have λ(Gm) ⊆ T ⊆ P (v, λ)
where λ, T , P (v, λ) are all deﬁned over k. We set χ ′ := χλ , the dual of λ, χ = dχλ with d as in 2.9.2.
We choose a Borel subgroup B of G such that
λ(Gm) ⊆ T ⊆ B ⊆ P (v, λ).
Then χ is a dominant weight with respect to B .
Let ρ1 :G → kGL(k¯n) be an absolutely irreducible representation deﬁned over k¯, where χ is the
highest weight, with w1 ∈ k¯n as a highest weight vector. For each γ ∈ Gal(ks/k) we have γ B ⊆ P (v, λ),
because P (v, λ) is deﬁned over k. Since all Borel subgroups of P (v, λ) are conjugate to each other,
there exists n1 ∈ P (v, λ) (depending on γ ) satisfying n1(γ B)n−11 = B. Since n1(γ T )n−11 = T1 and
T are maximal tori in B , there exists n2 ∈ B (depending on γ ) satisfying n2T1n−12 = T . If we
set n = n2n1, then n(γ B)n−1 = B , n(γ T )n−1 = T , and n ∈ NG(T ) ∩ P (v, λ). (Thus in term of Sec-
tion 2.1, if we denote by w the corresponding (to n) element of the Weyl group of T , then the
action of γ on χ ∈ X∗(T ) is given by γ (χ) = w(γ χ).) It follows from Tits Theorem 2.3.2, that
γ ρ1 :G → kGL(k¯n) is an absolutely irreducible representation corresponding to dominant weight
χ1 := γ (χ) ∈ X∗(T ), where χ1(t) = (γ χ)(n−1tn). Since χ ∈ X∗(P (v, λ))k , and n ∈ P (v, λ), we have
χ1(t) = χ(n−1tn) = χ(n)χ(t)χ(n−1) = χ(t) for all t ∈ T . Therefore γ ρ1 :G → kGL(k¯n) is an absolutely
irreducible representation corresponding to dominant weight χ . It follows from Schur lemma, that
there exists an isomorphism Aγ : k¯n → k¯n satisfying
γ ρ1 = A−1γ ◦ ρ1(g) ◦ Aγ ,
and if Aγ and A′γ are two isomorphisms satisfying the same equality, then there exits a ∈ k¯−{0} such
that A′γ = aAγ . We can extend the argument in [BT, Proof of Proposition 12.6], to the case of perfect
ﬁelds, to deﬁne a map A¯ :Gal(ks/k) → kPGLn by assigning to γ ∈ Gal(ks/k) the image Aγ of Aγ in
kPGLn . The proof given there can be applied to show that A¯ is a 1-cocycle from Gal(ks/k) with values
in kPGLn . Since Aut(Pn−1) ∼= kPGLn , there exists a Severi–Brauer k-variety W and a k¯-isomorphism
f : Pn−1 → W such that γ f = f ◦ Aγ (see, e.g., [Se, Chapter X, Section 6]). The representation ρ1 :G →
kGL(kn) induces the projective representation
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(
Pn−1
)
.
The same proof as in [BT, Proof of 12.6], shows that the representation ρ ′ : G → Aut(W ) given by
ρ ′(g) = f ◦ ρ1(g) ◦ f −1 is deﬁned over k. Since P (λ) = P (χ), by Lemma 3.3.1 the line k¯w1 is stable
under the action of P (χ). Recall that (see Section 2.6), since χ is deﬁned over k, P (χ) is deﬁned
over k. As it is well known (see 2.10.2, or Section 12.1 of [BT], where the same results also holds
in the case of perfect ﬁelds), P (χ) has only one ﬁxed-point [w1] = k¯w1 in Pn−1, i.e., it has a ﬁxed
point f ([w1]) ∈ W , which is necessary a k-rational point, since P (χ) is deﬁned over k and it has
only one ﬁxed point. Thus W is a Severi–Brauer variety with a k-rational point f ([w1]). By a famous
result of Châtelet (see [Ch,Po, Proposition 2, p. 59] or [Se, Chapter X, Section 6, Exercise 1]), we have
W ∼=k Pn−1, so we may assume that W = Pn−1. We may choose a linear isomorphism F : k¯n → k¯n
such that F induces the isomorphism
F¯ = f : Pn−1 → Pn−1.
Then we deﬁne π : G → kGL(kn), π(g) := F ◦ ρ1(g) ◦ F−1. Then π : G → kPGLn(k) coincides with the
representation ρ ′ : G → Aut(W ), which is deﬁned over k. Since p = f ([w1]) is a k-rational point of
W = Pn−1, we can take a k-rational point w ∈ kn \ {0} such that [w] = p. Thus π : G → kGL(k¯n) is an
absolutely irreducible representation with highest weight χ deﬁned over k and with a highest weight
vector w ∈ kn , such that the projective representation π¯ : G → kPGLn is deﬁned over k. By Corollary
3.6.2, π : G → kGL(k¯n) is deﬁned over k. On the other hand, by Lemma 3.3.2 and Corollary 2.9.2 we
have Gv ⊆ Kerχ = Gw . This completes the second proof of Theorem A.
4. Some rationality properties of quasiparabolic and subparabolic subgroups.
4.1. In this section, we keep assuming that k is a perfect ﬁeld and our aim is to prove Theorem B (see
Introduction).
Remarks. 1) There are obvious examples showing that in general in Theorem B, 3) 2). In fact, let
G be a connected reductive group deﬁned over a ﬁeld k, with a maximal split k-torus T of dimension
at least 3. Then T has a k-subtorus S of dimension 1, which is k-observable in G , since any reductive
subgroup of G is observable in G by [Gr2, Corollary 2.4]. On the other hand, if S were quasiparabolic,
then by [Gr2, Corollary 3.6], S would have dimension > 1, which is impossible. We indicate here also
an example which shows that in general, if G is not semisimple, then 2) 1). Assume that G = T ×H ,
where T is the maximal central k-torus of G , H = DG is the semisimple part of G , such that T is k-
anisotropic of dimension 1. Then, given a k¯-isomorphism f : T  Gm , it induces a one-dimensional
k¯-representation ρ : G → Gm = GL(V ), where V = k¯v , given by ρ(g)v = ρ(t.h)v = f (t).v . Of course
v has a highest weight, and H = Gv , thus H is quasiparabolic deﬁned over k. However, there is no
non-trivial k-representation G → GL(V ), since T is k-anisotropic, thus H is not k-quasiparabolic.
2) We will apply the arguments given in the case of algebraically closed ﬁelds with suitable adap-
tations, and also make an essential use of the relative version of Bogomolov’s Theorem (Theorem A)
and of a relative version of Grosshans’ Theorem (Theorem 1.2.2) above. The proof of Theorem B will
be given at the end of this section.
First we need the following auxiliary results.
4.2. Theorem. a) (See [Gr2, Corollary 2.2], [TB, Proposition 5].) With above notation, H is (k-)observable in G
if and only if H◦ is (k-)observable in G◦ .
b) (See [Gr2, Corollary 2.10].) Let H be a closed subgroup of G, normalized by a maximal torus T of G.
Assume that L is an observable subgroup of G, such that Ru(H) < Ru(L). Then H and T Ru(L) are observable
in G.
c) (See [Gr2, Corollary 2.3].) Let K < L < G, such that K is observable in L, and L is observable in G. Then
K is observable in G.
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subgroup in G.
e) (See [Gr2, Theorem 7.1], [BiB].) Let L be a linear algebraic group and let H be a closed subgroup of L such
that Ru(H) < Ru(L). Then L/H is aﬃne.
The following ﬁrst step is crucial for the rest of the proof. It corresponds to a partial case of the
equivalence 3) ⇔ 4) of Theorem B, and it is Theorem 3.9 of [Gr2], when k = k¯.
4.3. Proposition. (See [Gr2, Theorem 3.9 for the case k = k¯].) Let G be a reductive group deﬁned over a perfect
ﬁeld k, T a maximal k-torus of G, and let H be a closed k-subgroup of G which is normalized by T . Then H is
observable in G if and only if for some χ ∈ X∗(T )k, H is a k-subparabolic subgroup in the k-quasiparabolic
subgroup Pχ of G.
Proof. The proof is based on that of [Gr2, Theorem 3.9], with a suitable modiﬁcation. Assume that for
some χ ∈ X∗(T )k , H is a k-subparabolic subgroup in the k-quasiparabolic subgroup Pχ of G . Then by
assumption, we have H◦ ⊆ Pχ and Ru(H) ⊆ Ru(Pχ ). By Proposition 2.7.2, and [TB, Theorem 9] (see
Section 1.2), Pχ is a stabilizer subgroup, hence it is an observable subgroup of G . By 4.2, b), H is also
observable (over k) in G .
Conversely, assume that H is observable k-subgroup of G . We need to show that H is k-
subparabolic in some Pχ , with χ ∈ X∗(T )k . By Theorem 9 of [TB], there exist a k-representation
ρ : G → GL(V ), and v ∈ V (k), such that H = Gv . We have a decomposition
V =
⊕
χ∈WT ,V
Vχ , v =
⊕
vχ ,
where WT ,V stands for the set of all T -weights in V , and we set μ := Σvχ =0χ , which is a character
in X∗(T ). We show that μ is deﬁned over k. Indeed, since ρ, T are deﬁned over k from the equality
ρ(t)vχ = χ(t)vχ , we have
ρ(t) . σ (vχ ) =
(
σχ
)
(t) . σ (vχ ), ∀t ∈ T , ∀σ ∈ Gal(ks/k).
Hence, if vχ = 0 then 0 = σ (vχ ) ∈ V (σ χ) . Since v ∈ V (k) then v = σ (v) = σ (Σvχ ) = Σσ (vχ ).
We have therefore {χ : vχ = 0} = {σ χ : v(σ χ) = 0} = {σ χ : vχ = 0}. Thus σμ = μ, for all σ ∈
Gal(ks/k) and μ is deﬁned over k. From the proof of Proposition 2.7.2 we know that there exist an
absolutely irreducible k-representation ρ ′ :G → kGLn and a positive integer r such that μ′ := r.μ is
the highest weight of ρ ′ . It was shown in the proof of Theorem 3.9, p. 18 of [Gr2] that H < Pμ
and Ru(H) < Ru(Pμ), thus H is subparabolic in Pμ . Since Pμ ⊆ Pμ′ and Ru(Pμ) = Ru(Pμ′ ), we may
replace μ by μ′ . Therefore H is k-subparabolic in k-quasiparabolic subgroup Pμ′ . 
Next we need the following two assertions which cover some partial cases of relative Sukhanov’s
Theorem (the reductive case).
4.4. Lemma. (See [Gr2, Lemma 7.7 for the case k = k¯].) Let G be a connected reductive k-group, and let H
be a non-reductive connected observable k-subgroup of G. Then H is contained in a proper k-quasiparabolic
subgroup Q of G.
Proof. We need to show that there is an absolutely irreducible k-representation ρ :G → GL(W ),
a highest weight vector w ∈ W (k) such that H < Gw . Since H,G are deﬁned over k and H is an
observable subgroup of G , then by Proposition 8 of [TB], there exists a k-representation ρ1 : G →
GL(V ), v ∈ V (k), H = Gv such that G/H k G.v. Since H is not a reductive group, then by a theo-
rem of Richardson [Ri] (generalized Matsushima’s criterion, cf. also [Gr2, Theorem 7.2, p. 41]), the
homogeneous space G/H is not aﬃne. Hence, if we set X := G.v ⊆ V and Y := G.v − G.v , then
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there exists a G-equivariant k-morphism f : X → W1, where W1 is a G-module deﬁned over k such
that Y = f −1(0). (The same proof of [Gr2, Lemma 7.5], shows that f is deﬁned over k.) Thus, if we set
w1 = f (v) then w1 ∈ W (k),Gv ⊆ Gw1 ,0 ∈ G.w1, so w1 is unstable with respect to the action of G on
W1. It follows from Theorem A that there is an absolutely irreducible k-representation ρ : G → GL(W ),
a highest weight vector w ∈ W (k), such that Gw1 ⊆ Gw , and Gw is a proper subgroup of G . Since
Gv ⊆ Gw1 , we have H ⊆ Gw = G and the lemma is proved. 
4.5. Lemma. (See [Gr2, Exercise 4, p. 45].) Let H be a closed subgroup of a linear algebraic group G and let
L = H .Ru(G). Then Ru(H) ⊂ Ru(L).
Proof. It is clear that Ru(G) ⊂ Ru(L). Consider the projection p : L → L/Ru(L). Since L/Ru(L) is re-
ductive, Ru(H)Ru(G) is normal in L, in fact, if s ∈ Ru(H), t ∈ Ru(G), x ∈ L, x = hr,h ∈ H, r ∈ Ru(G),
then
x(st)x−1 = hrstr−1h−1
= (hrh−1)(hsh−1)(htr−1h−1)
∈ Ru(H)Ru(G) = Ru(G)Ru(H),
hence p(Ru(H)Ru(G)) = p(Ru(H)) is normal, connected and unipotent in L/Ru(L), thus p(Ru(H)) = 1,
i.e., Ru(H) ⊂ Ru(L). 
4.6. Lemma. (See [Gr2, Lemma 7.8 for the case k = k¯].) If G is a connected, reductive k-group and H is a
connected observable k-subgroup of G, then H is k-subparabolic in G.
Proof. We use induction on dimension of G . There is nothing to prove when dim(G) = 1, since then
G is a one-dimensional torus. Recall that if H is reductive, then by taking the trivial representation of
G , H is clearly k-subparabolic in G . So we may assume that H is not reductive, thus Ru(H) = {1}. By
Lemma 4.4, there is a proper k-quasiparabolic subgroup Q ⊂ G containing H . Assume that Q = Gv ,
where v ∈ V (k) is a highest weight vector of an absolutely irreducible k-G-module V , with respect
to a Borel subgroup B of G with maximal (in G) k-torus T . In particular, Q contains U = Ru(B),
a maximal unipotent subgroup of G . Let P := 〈g ∈ G | g.v ∈ k¯v〉. Then it is clear that P is a k-subgroup
of G , containing Q , and P = NG(Q ). Hence P is parabolic, and we have an exact sequence of k-groups
1→ Q → P → S → 1,
where S is a one-dimensional k-torus. Also, Q is normalized by maximal torus T . Since k is perfect,
Ru(Q ) is deﬁned over k. From [Bor1, Corollary 14.11], and the above exact sequence, we have Ru(P ) =
Ru(Q ). By Lemma 4.5 we have Ru(H) ⊂ Ru(H .Ru(Q )). By [Gr2, Corollary 2.11], since H is observable
in G , i.e., also in Q , HRu(Q ) is observable in Q . But Q is observable in G , hence HRu(Q ) is also
observable in G . Since HRu(Q ) is deﬁned over k, and is observable, so if we can prove the assertion
for HRu(Q ), the theorem will follow. Thus we may assume from now on that Ru(Q ) ⊂ H .
Consider the k-projection p : Q → Q /Ru(Q ). Then dim(Q /Ru(Q )) dim(Q ) < dim(G), and p(H)
is observable k-subgroup of Q /Ru(G), so by induction hypothesis, there is a k-quasiparabolic sub-
group Q ′1 ⊂ Q /Ru(Q ) such that p(H) is k-subparabolic in Q ′1. Let Q 1 = p−1(Q ′1), so H ⊂ Q 1. Since
Ru(p(H)) ⊂ Ru(Q ′1), it follows from above that Ru(H) ⊂ Ru(Q 1). Also, Q 1 is an observable k-subgroup
of Q (since Q ′1 is so in Q /Ru(Q )), and Q is observable in G by deﬁnition of Q , thus Q 1 is an ob-
servable k-subgroup in G (see [Gr2, Corollary 2.3]). Since Q ′1 is k-quasiparabolic in reductive k-group
Q /Ru(Q ), it is normalized by a maximal k-torus of Q /Ru(Q ), i.e., also a maximal torus of P/Ru(Q )
(note that Ru(Q ) = Ru(P )). Hence Q 1 is normalized by a maximal k-torus T1 of P , thus also of G .
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follows that H is k-subparabolic in Pχ as required. 
We need the following facts about the Galois action on the parabolic subgroups P (χ). Let T be a
maximal k-torus of a k-group G , (. , .) an W -invariant inner product on X∗(T ) ⊗Z R deﬁned over k
and let Pχ , P (χ) be as above. Then we have
4.7. Lemma. a) σKerχ = Ker(σ χ), σ Pχ = Pσ χ , σ P (χ) = P (σ χ), for all σ ∈ Γ = Gal(ks/k).
b) Kerχ = T ∩ Pχ .
Proof. a) Trivial.
b) For, by the deﬁnition of Pχ , Kerχ ⊆ T ∩ Pχ . On the other hand, let ρ : G → GL(V ) be the
absolutely irreducible representation with highest weight χ ∈ X∗(T ), v ∈ V such that Pχ = Gv (see
Theorem 2.7.1). Hence ρ(t)v = χ(t)v, for all t ∈ T . If t ∈ T ∩ Pχ then t ∈ Gv so χ(t) = 1, for all
t ∈ T ∩ Pχ , i.e., we have T ∩ Pχ ⊆ Kerχ , so T ∩ Pχ = Kerχ . 
Remark. We observe that if T is a maximal k-torus of a reductive k-group G , χ ∈ X∗(T )k is a k-
character of T , then Pχ is a k-quasiparabolic subgroup of G , which can be seen by using the same
proof as in 3.6.4.
Finally, we need the following result for semisimple groups in order to prove the assertion 2) ⇒ 1)
of Theorem B in case of semisimple groups G .
4.8. Proposition. Let k be a perfect ﬁeld, G a semisimple k-group. Assume that H is a quasiparabolic subgroup
of G deﬁned over k. Then H is a k-quasiparabolic subgroup of G, i.e., there exist an absolutely irreducible k-
representation ρ : G → GL(V ), a highest weight vector v ∈ V (k) such that H = Gv is the stabilizer subgroup
of v.
First we claim the following:
4.9. Claim. Assume that k is a perfect ﬁeld, G is a reductive group and H is a quasiparabolic subgroup all
deﬁned over k. Then there exists a maximal k-torus T of G and a character χ ∈ X∗(T ) such that H = Pχ =
〈Kerχ,Uα | α ∈ Φ(T ,G), (α,χ) 0〉.
Proof. Under the assumption that H is a quasiparabolic subgroup of G , we may choose a maximal
torus T0 of G , a Borel subgroup B0 containing T0, a dominant weight χ0 ∈ X∗(T0) with respect to
B0, the absolutely irreducible representation ρ : G → GL(V ) with χ as a highest weight, the highest
weight vector v0 ∈ V corresponding to ρ such that
H = Pχ0 =
〈
Kerχ0,Uα
∣∣ α ∈ Φ(T0,G), (α,χ0) 0〉= Gv0 .
Since H is deﬁned over k and k is a perfect ﬁeld, the normalizer NG(H) is also deﬁned over k, which is
nothing else than the parabolic subgroup P (χ0) = 〈T0,Uα | α ∈ Φ(T ,G), (α,χ0) 0〉, which is a well-
known fact. By a well-known theorem of Grothendieck–Rosenlicht (see [Bor1, Theorem 18.2]), there
exists a maximal torus T of NG(H) deﬁned over k, which is also a maximal k-torus of G . Let g0 ∈
NG(H) such that g0T0g
−1
0 = T . We set B = g0B0g−10 , which is a Borel subgroup of G containing T .
For all b0 ∈ B0 we have ρ(b0)v0 = χ0(b0)v0, so
ρ
(
g−10 bg0
)
v0 = χ0
(
g−10 bg0
)
v0.
It follows that ρ(b)(ρ(g0)v0) = χ0(g−10 bg0)(ρ(g0)v0). We set v = ρ(g0)v0, and let χ : B → Gm be
given by χ(b) = χ0(g−10 bg0). Thus we have
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and ρ : G → GL(V ) is the absolutely irreducible representation with the highest weight χ ∈ X∗(T )
(corresponding to B), v = ρ(g0)v0 is the highest vector. Since v = ρ(g0)v0, we have Gv = g0Gv0 g−10 .
Since g0 ∈ NG(H) and H = Gv0 so Gv = H . Thus, there exists a maximal k-torus T of G , χ ∈ X∗(T ),
which is a dominant weight respect to B and H = Gv0 = Gv = Pχ as required. 
Next we need the following:
4.10. Claim. Suppose that T is a maximal k-torus of G, χ ∈ X∗(T ) such that Pχ is deﬁned over k. Then we
have Kerχ = Ker(σ χ), for all σ ∈ Γ .
Proof. From 4.7 above we know that Kerχ = T ∩ Pχ , thus σ (Kerχ) = σ (T ∩ Pχ ) = σ T ∩ σ Pχ for all
σ ∈ Gal(ks/k). Since T and Pχ are all deﬁned over k, so σ T = T , σ Pχ = Pχ and Ker(σ χ) = σ (Kerχ) =
T ∩ Pχ = Kerχ . 
4.11. Claim.With notation and assumptions as in 4.10, χ is deﬁned over k.
We present two proofs for this fact.
First proof. We may assume that χ is non-trivial and consider a ﬁnite Galois splitting ﬁeld K/k of
T with Galois group Θ , thus χ is also deﬁned over K . If the differential dχ : Lie(T ) → Lie(Gm) = k¯ is
non-zero, i.e., surjective, then it is well known that χ is separable. If dχ = 0, then it is well known
that χ = prχ ′ , where p = char.k > 0, r is a positive integer and χ ′ is separable. Thus to prove that
χ is deﬁned over k, it suﬃces to prove it for χ ′ . Hence we may assume that χ is separable. Then
it is known that Ker(χ) is of codimension 1 in T . Let T1 = Ker(χ)◦ , the connected component of
Ker(χ). Then it is clear that T1 is a k-subtorus of codimension 1. Since X∗(T1) is a free Z-module,
hence also projective, we have a direct sum X∗(T ) = X∗(T1) ⊕ P , where X∗(T1) is a ZΓ -submodule
of X∗(T ), and P is a free Z-submodule of rank 1, say P = Zμ. Let χ = λ + aμ,λ ∈ X∗(T1),a ∈ Z.
Then σ χ =σ λ + aσμ, for all σ ∈ Γ . Since χ is trivial over T1, we have λ = 0. By assumption and
from above, for all σ ∈ Γ , σ χ is also trivial on T1. It follows that P is stable under the action of
σ . It is true for all σ ∈ Γ , so P is a Γ -module, i.e., a ZΓ -module. Then we know that the action of
Galois group on P is just ±1, so we derive that σ χ = ±χ for all σ ∈ Γ . Assume that there is σ ∈ Γ
such that σ χ = −χ . We choose B ⊆ P (χ) be a Borel subgroup containing T . For all α ∈ Φ(T , B), we
have Uα ⊆ B ⊆ P (χ) = P (σ χ). Thus, Uα ⊆ P (σ χ) for all α ∈ Φ(T , B) and (α, σ χ) 0. Then we have
σ χ ∈ X∗(T )+ (i.e., σ χ is a dominant weight with respect to B). Since σ χ and χ are also dominant
weight corresponding to B then σ χ = χ = 0, contradicting to the assumption on χ , and that G is
semisimple. Therefore we have χ = σ χ, for all σ ∈ Γ , and χ is deﬁned over k as required. 
Second proof. Case 1. char.k = 0. We may assume that χ is non-trivial. It follows from 4.9 that there
exist a maximal k-torus T , χ ∈ X∗(T ) such that H = Pχ . By 4.10, for any ﬁxed σ ∈ Γ , we have
Kerχ = Ker(σ χ). Since T is a torus then there is a k¯-isomorphism T ∼=k Gm ×· · ·×Gm . Let n = dim(T ).
First we claim that if χ ′ ∈ X∗(T ) is such that Ker(χ) = Ker(χ ′), then χ = ±χ ′ . In fact, in order to
compare Kerχ and Kerχ ′ , we may identify T (k¯) and Gm × · · ·×Gm and let θi : Gm × · · ·×Gm → Gm be
the i-coordinate. Then we have
χ = a1θ1 + · · · + anθn,
σ χ = b1θ1 + · · · + bnθn,
where ai,bi ∈ Z (bi are depending on σ ). For each i = 1,n, we choose Ti =⋂ j =i Kerθ j and obtain
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{
(t1, . . . , tn) ∈ T
∣∣ t1 = · · · = ti−1 = ti+1 = · · · = tn = 1, taii = 1
}
,
(
Kerχ ′
)∩ Ti = {(t1, . . . , tn) ∈ T ∣∣ t1 = · · · = ti−1 = ti+1 = · · · = tn = 1, tbii = 1
}
.
From the equality Kerχ = Kerχ ′ and the condition char.k = 0 we have ai = ±bi, for all i = 1,n.
We show that σ χ = ±χ . Indeed, assume that there exists i = j such that ai = bi,a j = −b j , where
aia j = 0. We may assume that i = 1, j = 2 and choose
T12 =
{
(t1, t2,1, . . . ,1)
∣∣ t1, t2 ∈ Gm}.
Hence we have
(Kerχ) ∩ T12 =
{
(t1, t2,1, . . . ,1)
∣∣ ta11 ta22 = 1
}
,
(
Kerχ ′
)∩ T12 = {(t1, t2,1, . . . ,1) ∣∣ ta11 = ta22
}
.
Thus (Kerχ) ∩ T12 = (Kerχ ′) ∩ T12 and we have a contradiction. It follows that χ ′ = ±χ . Then, by
putting χ ′ = σ χ , one can argue as in the last step of the ﬁrst proof above, to see that χ is deﬁned
over k.
Case 2. char.k = p > 0. First we claim that if χ,χ ′ ∈ X∗(T ), such that Ker(χ) = Ker(χ ′), then χ ′ =
±prχ, r ∈ Z. With θi, Ti, Tij as above, we set
χ = a1θ1 + · · · + anθn,
χ ′ = b1θ1 + · · · + bnθn,
where ai,bi ∈ Z. One checks that from Ker(χ)∩ Ti = Ker(χ ′)∩ Ti we have bi = ±puiai , ui ∈ Z for all i,
and that ai and bi are zero or not simultaneously. Also, from Ker(χ) ∩ Tij = Ker(χ ′) ∩ Tij , we have
Aij = Bij , where Aij := {(ti, t j) ∈ G2m | taii t
a j
j = 1}, Bij := {(ti, t j) ∈ G2m | tbii t
b j
j = 1}.
First we assume that bi = puiai, and ui  0 (the case ui  0 is similar). Assume that a j = 0 for
all j = i. Then it is clear that χ ′ = puiχ . Now assume that there is j = i such that a j = 0. So if
(ti, t j) ∈ Aij , then we have
t
b j−pui a j
j = 1, (1)
hence t
pu j−ui a j
j = 1. If b j − puia j = 0, we may choose s ∈ Gm such that
sb j−pui a j = 1. (2)
Then we may choose v ∈ Gm such that vai sa j = 1, thus (v, s) ∈ Aij , but the relation (2) contradicts (1).
Therefore we have b j = puia j for all j with a j = 0 and the assertion is clear.
Next we assume that bi = −puiai, and ui  0. We may proceed quite analogously as above to see
that again b j = −puia j for all j with a j = 0. The claim is thus proved.
Now we set χ ′ := σ χ . Then by the claim we have χ ′ = ±prχ , for some r ∈ Z. Since the inner
product on X∗(T ) is deﬁned over k, for the corresponding norm ‖.‖ deﬁned on X∗(T ) ⊗ R we have
‖χ ′‖ = ‖χ‖. Hence p2r = 1, r = 0, so χ ′ = ±χ . Further we may ﬁnish as in the last step of the ﬁrst
proof. 
Proof of Proposition 4.8. It follows from the results proved in 4.9–4.11, since χ is deﬁned over k and
by Theorem 2.7.2 (cf. also 3.6.4), that Pχ is a k-quasiparabolic subgroup of G . 
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It is clear that the implications 1) ⇒ 2) ⇒ 3), 4) ⇒ 5) ⇒ 6) follow immediately from the deﬁnition.
Proof of 2)⇒ 1). The statement follows from Proposition 4.8.
Proof of 3)⇒ 4). Since k is perfect, Ru(G) and Ru(H) are deﬁned over k. By assumption, H is
k-observable in G , hence so is HRu(G) in G , by Theorem 4.2, d). If we can prove the assertion
for HRu(G), then the same holds true for H , since H < HRu(G), and by Lemma 4.5, Ru(H) <
Ru(HRu(G)). Hence we may assume that Ru(G) ⊂ H . It is clear that, since Ru(H◦) = Ru(H), if
we can prove that H◦ is k-subparabolic in G , then so is H . Therefore we may assume next that
G and H are connected. Let H1 := H/Ru(G), G1 := G/Ru(G), which is a connected reductive k-
group, and let p : G → G1 be the corresponding k-projection. It is clear that H1 is k-observable in
G1 (since G1/H1  G/H is quasi-aﬃne). By Lemma 4.6, since H1 is k-observable in G1, H1 is k-
subparabolic in a k-quasi-parabolic k-subgroup Q 1 of G1. Since H1 is connected, H1 < Q 1. Let V
be an absolutely irreducible k-G1-module, ϕ1 : G1 → GL(V ) the corresponding action, v ∈ V (k) \ {0}
a highest weight vector such that Q 1 = G1,v . Set ϕ := ϕ1 ◦ p : G → GL(V ). Then G acts abso-
lutely irreducibly on V , Q := p−1(Q 1) = Gv is k-quasi-parabolic and Ru(H) ⊂ Ru(Q ). Indeed, since
p(Ru(H)) = Ru(p(H)) ⊂ Ru(Q 1) = p(Ru(Q )), we have Ru(H) ⊂ Ru(Q )Ru(G), i.e., Ru(H) ⊂ Ru(Q ).
Proof of 6)⇒ 3). If H is subparabolic over k, then naturally, it is also k¯-subparabolic, hence also
observable over k¯ by original Sukhanov’s Theorem. Therefore, by Theorem 1.2.1, it is also observable
over k. Thus 3) holds.
The proof of Theorem B is complete. 
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